In the present paper, we perform a systematic calculation of the complex resonance energy for metastable states in the antiprotonic helium atoms, which decay predominantly via Auger transitions, by using the complex-coordinate rotation ͑CCR͒ method. Special attention is paid to relativistic corrections for the bound electron related to the Breit interaction. These corrections have been calculated using the CCR wave functions, which are square integrable. Some higher-order relativistic and QED effects have been included into consideration to get precise theoretical values for transition frequencies.
I. INTRODUCTION
Metastable states of an exotic atom He ϩ p were of considerable interest in the past years. After first observation at KEK of the delayed annihilation phenomena, when about 3.6% of antiprotons injected into the helium target ͓1͔ survived as long as a few microseconds, precise spectroscopic measurements of several transition lines both in 4 He and 3 He atoms have been performed at CERN ͓2,3͔. It was expected that such longevity could be explained by the stability model suggested by Condo ͓4͔. According to this hypothesis, antiprotons that occupy nearly circular orbits ͑with nϳ40) decay by slow radiative transitions only. Further theoretical calculations of the transition energies ͓5͔ that brought agreement between theory and experiment to about 5-10 ppm have rigorously confirmed the Condo model.
In the recent precise measurements ͓6͔ carried out at CERN, a daughter state of the measured transition, in general, is a state decaying via Auger channel. That allows to observe a spike in the annihilation time spectra when a laser wavelength is on-resonance. To meet the requirements of these experiments, it is necessary to perform an accurate study of the ''Auger states.'' Very precise nonrelativistic energies and wave functions have been obtained for the metastable states which decay dominantly via radiative channels ͓7͔. In this case one can effectively apply the Feshbach formalism, when the Hamiltonian is projected onto the subspace of closed channels that still provide a sufficiently accurate zero-order approximation for the wave function. The other advantage is that the standard variational technique may be applied. In case when the Auger decay becomes dominant, the state should be considered as an essentially resonant one, and more sophisticated methods are required.
In a present calculation, we apply the complex-coordinate rotation ͑CCR͒ method ͓8͔ to this problem.
II. THE FESHBACH FORMALISM
The exotic helium atoms under consideration consist of an electron of mass m e , a helium nucleus of mass M He , and a negatively charged antiproton p of mass M p . The nonrelativistic Hamiltonian ͑in atomic units eϭបϭm e ϭ1) reads
where R and r are the position vectors of p and of the electron relative to the helium nucleus, while T and V denote the operators of kinetic and potential energy. The wave function of a state of total angular momentum L, its projection M onto z axis of the space-fixed frame, and total spatial parity may be written as
where the components G ll e L (R,r,) are functions of the internal degrees of freedom and are expanded as follows:
The complex parameters ␣ i , ␤ i , and ␥ i are generated in a quasirandom manner ͓7͔:
x designates the fractional part of x, p ␣ , and q ␣ are some prime numbers, ͓A 1 ,A 2 ͔ and ͓A 1 Ј ,A 2 Ј͔ are real variational intervals which need to be optimized. Parameters ␤ i and ␥ i are obtained in a similar way.
To get a Feshbach-type closed-channel solution, one needs to retain in expansion ͑2͒ components with small l e ͑angular momentum of an electron͒ and if l e (max) Ͻ⌬l, where ⌬lϭlϪlЈ is the smallest energetically possible change of the antiproton orbital angular momentum in the Auger transition,
then the subspace spanned over these basis functions is a subspace of closed channels for this resonant state. A detailed discussion can be found in Ref.
͓7͔.
As it has been obtained in previous calculations ͓3,9,10͔, the radiative width for the metastable antiprotonic helium states is about 10 Ϫ12 a.u. So the states with ⌬lр3 predominantly decay via the Auger transition, while states with ⌬l у4 have a radiative decay as a dominant channel and the lifetime for these states is about few microseconds. On the other hand, the Auger width of the states with ⌬lϭ3 is of the order of 10 Ϫ8 -10 Ϫ9 a.u. In this case, the zero-order wave function obtained within the closed-channel approximation only would be of approximate relative accuracy of ϳ10
Ϫ4
that is limiting the relative accuracy of mean values of various operators related to relativistic and QED corrections. Thus this approximation is insufficient for a precise determination of transition energies to compare with experimental measurements.
III. COMPLEX-COORDINATE ROTATION
The Coulomb Hamiltonian is analytic under dilatation transformations, where T and V are the kinetic energy and Coulomb potential operators. The continuum spectrum of H is rotated on the complex plane around branch points ͑''thresholds''͒ to ''uncover'' resonant poles situated on the unphysical sheet of the Reimann surface in accordance with the Augilar-BalslevCombes theorem ͓11͔. The resonance energy is then determined by solving the complex eigenvalue problem for the rotated Hamiltonian,
The eigenfunction ⌿ obtained from Eq. ͑7͒ is square integrable and the corresponding complex eigenvalue EϭE r Ϫi⌫/2 defines the energy E r and the width of the resonance, ⌫, the latter is being related to the Auger rate as A ϭ⌫/ប. The use of a finite set of N basis functions defined by Eqs. ͑2͒ and ͑3͒ reduces problem ͑7͒ to the generalized algebraic complex eigenvalue problem
where Aϭ͗⌿ ͉H ͉⌿ ͘ is the finite NϫN matrix of the Hamiltonian in this basis, and B is the matrix of overlap B ϭ͗⌿ ͉⌿ ͘.
It is known that to get an accurate solution for an Auger state of the antiprotonic helium is a rather difficult problem due to a very narrow width of the state and different scales for antiproton and electron orbitals. In our calculations, we use a general strategy of a multilayered variational wave function as is described in Ref. ͓12͔ . In the case of antiprotonic helium metastable states, a trial wave function contains four basis sets. First two sets are required for better approximation of the closed-channel solution. Parameters of a third set are adjusted in a way to better represent excited electron intermediate states, and the last set corresponds to electron continuum. An example of a wave-function configuration for the ͑38,33͒ state of 4 He ϩ p is presented in Table I . We use conventional atomic notation to identify a state, namely, approximate quantum numbers of the antiprotonic orbital, (n,l) ͑while an electron for these states is situated roughly in the ground 1s state͒.
The numerical solution of Eq. ͑8͒ was obtained using the inverse iteration method. The variational intervals for the nonlinear parameters ␣,␤,␥ in Eq. ͑3͒ were optimized manually using two components ͑with l e ϭ0,1) in the variational expansion ͑2͒. Equation ͑8͒ was then repeatedly solved with these optimized values for a set of rotational parameters ϭ0, . . . ,0.20 and dilatation parameters a dl ϭ0.99,1,1.01 using basis sets with Nϭ2200-2500. Here the dilatation is defined as a transformation of all coordinates of the dynamical system: r i j →r i j a dl . The number of components kept in expansion ͑2͒ was taken to be equal to 4, except for the case of the (32,31) state of 4 He ϩ p , when ⌬lϭ4 and the number of components should be equal to 5 in order to include continuum states. Inclusion of higher l e components in Eq. ͑2͒ does not improve the result within achieved accuracy.
The results for the (38,33) state are plotted in Fig. 1 , from which one can extract precise parameters for this resonance: 
The uncertainty in the calculated parameters of the resonance is about 10 Ϫ9 a.u. That is somewhat less accurate than in a case of states with a dominance of the radiative decay mode. The reason for that is an absence of simple criteria for choosing optimal variational parameters as in case of the standard variational principle for bound states.
From these calculations, the Auger decay rates can be extracted. Table II contains the Auger rates obtained by the approach expounded above, which are compared with experimental measurements and other theoretical calculations. It is required to note that beyond the Auger decay, other effects such as collisional quenching have influence on experimental data. As is seen from the table, our results are in a rather good agreement with previous theoretical calculations. Especially, good agreement is with our previous calculations ͓14͔, except for one case of (37,33) state, which has been marked in Ref. ͓14͔ as not converging. It is worth saying that in the early calculation, a different type of basis functions has been used and a Feshbach-like formalism has been applied to get the Auger width.
IV. LEADING-ORDER RELATIVISTIC CORRECTIONS FOR THE RESONANT STATES
In this work, we will consider the spin-independent part of a transition energy only. The major contribution beyond the nonrelativistic transition energy comes from the relativistic correction for the bound electron, the retardation ͑or the transverse photon exchange͒,
and the nuclear finite-size correction,
where R is the root-mean-square radius of the nuclear charge distribution. The rms radius for the helium nucleus and antiproton is, respectively, R( 4 He)ϭ1.673(1) fm, R( p ) ϭ0.862(12) fm.
The last three contributions are less than the leading contribution from Eq. ͑9͒ by three or four orders of magnitude. That means that they can be calculated using the closedchannel zero-order wave function, since a relative accuracy of ϳ10 Ϫ4 is sufficient for these corrections. On the contrary, the leading contribution requires more accurate zero-order approximation, which can be obtained within the framework of the complex-coordinate rotation approach.
In this case a perturbation theory has to be formulated, which can be applied to resonant states. The relevant theory is provided by the theorem proved by Simon ͓17͔.
Theorem. Let H be a three-body Hamiltonian with the Coulomb pairwise interaction, and W() be a dilatation analytic perturbation. Let E 0 be an isolated simple resonance 
is analytic near ␤ϭ0. In particular, a 1 ϭEЈ͑0 ͒ϭ͗⌿ *͉W͉͑͒⌿ ͘/͗⌿ * ,⌿ ͘.
͑13͒
Some remarks are necessary.
In the complex scaling theory ͑such as the CCR approach͒, a resonance is defined as a complex eigenvalue of H(). Thus one needs to establish a relation between this definition of ''resonance'' and the one generally used in literature, where resonance is understood as a ''pole'' of the scattering amplitude on the unphysical sheet of the Reimann surface of energy. This definition of resonance, particularly, is required in QED perturbation theory. For some physical cases, it may be proved ͓18͔ that these two definitions coincide.
It is obvious that operators encountered in Eq. ͑9͒ are dilatation analytic,
However, they are not ''small'' perturbations in a sense of the Simon theorem requirements. It is a general practice in QED to regularize these operators in some or the other way, the only requirement is to preserve a ''dilatation analyticity''
property. And then after performing all calculations, regularization should be removed to get finite results. An example of such calculations is shown in Table III , from which it is seen that relativistic correction to the Auger decay rate is about 0.3% and, probably, can be detected in experiment. The uncertainty in the relativistic correction for the bound electron in this case is about 30% greater than the numerical uncertainty in the nonrelativistic energy. In the case of states with the multipolarity of the Auger transition ⌬lϭ3, the final uncertainty is primarily defined by the uncertainty in the leading term of the relativistic corrections.
V. HIGHER-ORDER CORRECTIONS AND FINAL RESULTS
Beyond the relativistic leading-order corrections described in a previous section there are a few other contributions, which are essential to get reliable theoretical values for transition energies.
The first and the most simple one is the correction due to the anomalous magnetic moment of electron, It may be included into the Breit Hamiltonian, but we find it convenient to treat it separately. The next two are the one-loop self-energy contribution in a nonrecoil limit ͓19,20͔, 
͑16͒
The only quantity that needs numerical evaluation is the Bethe logarithm, which arises from the ultrasoft photon contribution and can be expressed as ͓21,22͔
is a nonrelativistic electric current operator for a dynamical system. The denominator can be easily expanded:
The numerical evaluation of the Bethe logarithm was carried out following the scheme used in Ref.
͓23͔ and is based on the closed-channel variational approximation for the zeroorder wave function.
The m␣ 5 order recoil corrections ͓20͔ are smaller than error bars in calculated values of the leading-order terms and have not been included into consideration.
The main results of this work are summarized in Tables IV and V, the nonrelativistic energies and expectation values of various operators required for the determination of transition energies. For the helium-4 case, one state of a multipolarity ⌬lϭ4 is presented, namely, the (32,31) state. This is because it was suspected that this state has an anomalously small Auger lifetime due to a configuration mixture effect ͓15͔, when the closed-channel state ͑with l e ϭ0) is strongly coupled with excited electron configurations. As is seen from this calculation, which includes excited electron configurations in the variational trial function, that is not the case. The numerical uncertainty in the nonrelativistic energy is pointed out in parentheses as an uncertainty in the last digit. Table VI shows contribution of different relativistic and QED corrections to the final energy difference of the (37,34)→(38,33) transition. As already mentioned, the leading contribution comes from the relativistic Breit correction for the bound electron. The next to leading is the bound electron self-energy. Recoil and finite size corrections are almost negligible in comparison with uncertainty. It is note- worthy that the final uncertainty in other cases is much smaller and inclusion of these contributions is essential. Transition energies for some transitions, which end up in a state with a dominance of the Auger decay, are presented in Table VII . Theoretical data include all the relativistic and QED corrections listed in Eqs. ͑9͒-͑12͒, ͑14͒-͑16͒. The numerical uncertainty in theoretical predictions is finally determined by the numerical uncertainty of the daughter state and further improvement requires significant computational efforts to increase substantially an accuracy of the variational wave function for the Auger decaying states.
In conclusion, we would like to say that while the theoretical results presented here are rather accurate, still the accuracy is limited mainly by the numerical uncertainty. Thus, for a precise study of the three-body QED bound states, it seems more preferable to deal with states and transitions, which lay higher in (n,l) region. That corresponds to the states, in which the radiative decay rate exceeds significantly ͑by some orders of magnitude͒ the Auger ͑or resonance͒ decay rate. Especially, that is concerned with the two-photon Doppler-free high-precision spectroscopy, which may allow us to determine precisely the antiproton mass, and/or to check the higher-order relativistic and QED effects. 
